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MODULE BIFLATNESS OF THE SECOND DUAL OF 
BANACH ALGEBRAS 

ABASALT BODAGHI AND ALI JABBARI 


Let A be a Banach algebra. Using the concept of module biflatness, we 
show that the module amenability of the second dual A** (with the first 
Arens product) necessitates the module amenability of A. We give some 
examples of Banach algebras A such that A** are module biflat, but which 
are not themselves module biflat. 
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1. INTRODUCTION 

Let A be a Banach algebra and uj : A®A —)■ A; a ® h ah he the 
canonical morphism (for emphasis, ujjfi). Clearly, oj is an A-bimodule map 
(i.e. a bounded linear map which preserves the module operations) with 
respect to the canonical bimodule structure on the projective tensor product 
A®A. A Banach algebra A is called biprojective if oj has a bounded right 
inverse which is an A-bimodule map. A Banach algebra A is said to be 
biflat if the adjoint oo* : A* —)• (A®A)* has a bounded left inverse which is 
an A-bimodule map. It is obvious that every biprojective Banach algebra is 
biflat. The basic properties of biprojectivity and biflatness are Investigated 
in [13]. 

To work with amenable semigroups is in general harder than to work 
amenable groups [2j. One major difference is that in the group case the 
amenability of group is related to the amenability of the Banach algebra of 
absolutely integrable functions on the group. The concept of amenability 
for Banach algebras was initiated by Johnson in m- One of the funda¬ 
mental results was that L^{G) is an amenable Banach algebra if and only 
if G is an amenable locally compact group. Now Johnson’s amenability 

theorem fails for semigroups. Indeed there are many commutative (and so 
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amenable) discrete semigroups for which the corresponding semigroup al¬ 
gebra is not amenable (a characterization of the semigroups S such that 
£^{S) is amenable is given in Theorem 10.12 of [8]). The concept of module 
amenability is introduced to resolve this problem. It is shown in [1] that a 
discrete inverse semigroup is amenable if and only if its semigroup algebra 
is module amenable. The notion of module amenability is closely related to 
module biprojectivity and biflatness. 

In [5], Bodaghi and Amini introduced a module biprojective and module 
biflat Banach algebra which is a Banach module over another Banach algebra 
with compatible actions. For every inverse semigroup S with subsemigroup 
E of idempotents, they showed that i^{S) is module biprojective, as an 
^^(F^)-module, if and only if an appropriate group homomorphic image Gs 
of S is finite. They also proved that module biflatness of (5) is equivalent 
to the amenability of the underlying semigroup S. Some examples of Banach 
algebras which are module biprojective (biflat), but not biprojective (biflat) 
are given in [5]. 

It is shown in [3l Proposition 3.6] that if ^ is a commutative Banach 
2I-bimodule such that A** is 2t-bimodule amenable, then A is module 
amenable. In part three of this paper we improve this result by assum¬ 
ing a weaker condition on A, using our results on module biflatness. Among 
many other things, we bring some examples of Banach algebras such that 
their second dual are module biflat, but which are not themselves module 
biflat. 


2. MODULE BIFLATNESS 

Let A and 21 be Banach algebras. Suppose that .A is a Banach 2l-bimodule 
with compatible actions, that is 

a ■ (ab) = (a • a)b, (ab) ■ a = a{b - a) {a,b ^ A,a € 21). 

Let X be a Banach A.-bimodule and a Banach 2l-bimodule with compatible 
actions, that is 

a ■ {a ■ x) = {a ■ a) ■ X, a ■ {a ■ x) = {a ■ a) ■ x, 

{a ■ x) ■ a = a ■ {x ■ a) (a G A., a € 21, a; € X) 

and similarly for the right or two-sided actions. Then we say that X is 
a Banach A-21-module. A Banach A-2i-module X is called commutative if 
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a ■ X = X ■ a for all a € 21 and x a X. If X is a (commutative) Banach 
^-21-module, then so is X*. 

Let X, Y be Banach ^-21-modules. We say that a map (p : X —>■ y is a 
left ^-2t-module homomorphism if it is an 2l-bimodule homomorphism and 
a left ^-module homomorphism, that is 

(f>{a ■ x) = a ■ 4>{x), (p{x ■ a) = (p{x) ■ a, (p{a ■ x) = a ■ (p{x), 

for all a G 21, a € .4. and x G X. Right ^-21-module homomorphisms and 
(two-sided) .4-2t-module homomorphisms are defined in a similar fashion. 

Let ^ be a commutative 2l-bimodule and act on itself by multiplication 
from both sides, that is 

a-b = ab, b ■ a = ba {a,b G A). 

Then it is also a Banach ^-2t-module. If ^ is a Banach 2t-bimodule with 
compatible actions, then so are the dual space A* and the second dual space 
A**. If moreover .4 is a commutative 2t-bimodule, then A* and the A** are 
commutative ^-21-modules. The canonical images of a G ^ and A in A** 
will be denoted by a and A, respectively. 

Let Ahe a Banach 2t-bimodule with compatible actions, and let A®%A be 
the module projective tensor product of A and A. Then A^^A is isomorphic 
to the quotient space {A0A)/Ia, where is the closed linear span of 
{a-a(8)6 — aiX)a-6;aG2t, o, 6 g A} [22] . Also consider the closed ideal 
of A generated by elements of the form (o • a)b — a{a ■ b) for a G 21, a, 6 G .4. 
We shall denote and by I and J, respectively, if there is no risk of 
confusion. Then I is an ^-submodule and an 2t-submodule of .4(8>v4, J is an 
^-submodule and an 2t-submodule of A, and both of the quotients A^< 2 iA 
and A/J are .4-bimodules and 2t-bimodules. Also, A/J is a Banach .4-21- 
module when A acts on A/J canonically. Let Co : .4021^ = (.40.4)// —>■ 
A/J be induced product map by lo, i.e., Cj{a 0 6 -|- /) = ab + J. 

Let I and J be the closed ideals as in the above. Then {A®A)/I is not a 
.4/J-bimodule, in general. It is shown in [5] that if .4/J has a right bounded 
approximate identity, then (.40.4)// is an 4,/J-bimodule when 21 acts on 
A trivially from the left or the right (see also (6] Lemma 3.13]). Recall that 
a Banach algebra 21 acts trivially on A from the left if there is a continuous 
linear functional / on 21 such that a ■ a = f{a)a for all a G 21 and a G A. 
The trivial right action is defined, similarly (see m- From now on, when we 
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consider {A®A)/I as an ^/J-bimodule, we have assumed that the above 
conditions are satisfied (for more details see [5]). 

Definition 2.1. [5] Let 21 and A be Banach algebras. Then A is called 
module biprojective (as an 2l-bimodule) if u) has a bounded right inverse 
which is an .4/J-21-module homomorphism. 

Definition 2.2. [5] Let 21 and A be Banach algebras. Then A is called 
module biflat (as an 2l-bimodule) if w* has a bounded left inverse which is 
an .4./J-2t-module homomorphism. 

Let A and B be Banach algebras. The weak* operator topology {W*OT) 
on C{A,B*) is the locally convex topology determined by the seminorms 
{Pa,b ■■ a € A,b ^ S} where Pa,b{f) = \{f{a),b)\ in which / € C{A,B*). 

THEOREM 2.3. Let A be a Banach ^-bimodule. Then the following 
statements are equivalent: 

(i) A is module biflat; 

(ii) There is an A/J-'Qi-module homomorphism p : A/J —>■ 
((.4.(8).4,)//)** such that oj** o p is the canonical embedding from A/J 
into A**/J-^-^. 

(hi) There is a net iufl) of uniformly bounded A/ J-'A-module homomor- 
phisms from {A/J)* into {{A®A)/I)* such that lim.y W*OT — oj^ o 
uj* = id(^A/J)* ■ 

Proof. (i)=^(ii). Let A be module biflat. Then there exists a bounded left 
inverse tt : {{A<SiA)/I)* — {A/J)* which is also an .4,/J-21-module ho¬ 
momorphism such that TT ou* is the identity mapping. Put p := tt*\a/j- 
Thus the mapping p ■. A/J —)• {{A®AJj/l)** is an ^/J-2t-module homo¬ 
morphism. Therefore u)** o p is the canonical embedding from .4/J into 
A**/J^^. 

(ii)=^>(i). We firstly note that p* : {{A®A)/!)*** — > {A/J)* is an 
.4/J-21-module homomorphism. Suppose that p is the restriction of p* on 
((jl®Jl)//)* which is also an ^/J-2t-module homomorphism. For every 
/ G {A/J)* and a ^ Awe have 

{pow*{f),a + J) = {p{a + J),u)*{f)) = {^** o P{a + J)J) = (/,a + 4). 

This means that uj* has a bounded left inverse which is Jl/J-2t-module 
homomorphism. 
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(i)=^(iii) This is trivial. 

(iii)=^>(i) Since every bounded subsets of C{{{A®A)/I)*,{A/J)*) are 
W*OT compact, the net {ui^) has a W*OT point limit, say vr. It is easy to 
check that vr is an > 1 /J- 21 -module homomorphism and vr oo;* is the identity 
mapping. □ 

Let X, Y and Z be Banach ^/J-2t-modules. Then the short exact se¬ 
quence 

{0} ^ X ^ y A Z ^ {0} 

is admissible if v/; has a bounded right inverse which is 21 -module homomor¬ 
phism, and splits if ip has a bounded right inverse which is a J- 2 l-module 
homomorphism. 

THEOREM 2.4. Let A he a Banach ^-bimodule with trivial left action, 
and let B two-sided closed ideal of A. If B/Jq has a bounded approximate 
identity which is also a bounded approximate identity for A/J, then A is 
module biflat. 

Proof. We firstly note that when B/Jjs has a right bounded approximate 
identity, then {B®B)/Ib is B/Jg-bimodule if 21 acts on B trivially from left 
[5]. Consider the short exact sequence of B/Je-2t-module homomorphisms 
as follows: 

(2.1) 0^ker(wB)^(BgB)//B^B/JB^O. 

Then the following first and second duals of (j2.ip are B/Je-21-module ho¬ 
momorphisms 

(2.2) 0 ^ {B/JbT ^ {{B%B)/IbY a ker(5B)* ^ 0 

(2.3) 0 ^ ker(wB)** A {{B®B)/IbY* A {B/JbY* 0. 

By Lemma 2.2 of [5], the short exact sequences (12.21) and (|2.3p are admissible. 
Therefore u)'^ has a bounded right inverse, say p, which is a B/Jb- 21-module 
homomorphism. Let i : B —)• A be the canonical embedding. Thus i 
induces the mapping i ( 8 ) 2 t i : {B<S’B)/Ib —^ A® A/1 as the usual definition. 
Put p := {i (8*21 i)** ° P- Assume that Cj + Jb is the bounded approximate 
identity of B/Jb. Define p : A/ J — {{A®A)/IY* by p(a -|- J) = weak* — 


6 


A. BODAGHI AND A. JABBARI 


liniQ p{ej + JB)-{a+J)- By definition of p and Cohen’s factorization theorem, 
J) is an ^/J-2t-module homomorphism. Thus we have 

w**(p(o + J)) = a;**(weak* — \im.'p{ej + Jb) • (o + J)) 

a. 

= weak* — lima;**(p(e,' + Jg) • (a + J)) 

OL 

= weak* — \im.uj*^{'p{ej + Jg)) • (a + J) 

OL 

= lim(e,' + Jg) ■ ia + J) = a + J. 

Applying Theorem 12.31 we observe that A is module biflat. □ 

For a discrete semigroup S, is the Banach algebra of bounded 

complex-valued functions on S with the supremum norm and pointwise 
multiplication. For each a € S and / G let laf and r^/ denote 

the left and the right translations of / by a, that is {laf){s) = f{as) and 
(^a/)(s) = f{sa), for each s £ S. Then a linear functional m G (£°°(S))* 
is called a mean if ||m|| = {m, 1) = 1; m is called a left (right) invariant 
mean if m{laf) = 'rn(f) (m(raf) = rn{f), respectively) for all s G 5 and 
/ G £°°(S). A discrete semigroup S is called amenable if there exists a mean 
m on i°°(S) which is both left and right invariant (see [ID]). An inverse 
semigroup is a discrete semigroup S such that for each s G S', there is a 
unique element s* G S with ss*s = s and s*ss* = s*. Elements of the form 
ss* are called idempotents of S. For an inverse semigroup S, a left invariant 
mean on i°°(S) is right invariant and vice versa. 

Let S be an inverse semigroup with the set of idempotents E (or Es), 
where the order of E is dehned by 

e < d ed = e (e, d G E). 

Since E is a commutative subsemigroup of S m Theorem V.1.2], actually a 
semilattice, i^{E) could be regarded as a commutative subalgebra of £^{S), 
and thereby A{S) is a Banach algebra and a Banach .^^(E)-bimodule with 
compatible actions [T]. Here, for technical reason, we assume that £^(E) 
acts on A(S) by multiplication from right and trivially from left, that is 

(2.4) de • -5. = <5., <5. • de = = <5, * de (s G S, e G E). 

In this case, the ideal J is the closed linear span of {6set — dst ■ s,t ^ S,e £ 
E}. We consider an equivalence relation on S as follows: 


ds- dt £ J (s,t G S). 
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For an inverse semigroup S, the quotient S/^ is a discrete group (see [3] 
and m)- Indeed, jS/Fi is isomorphic to the maximal group homomorphic 
image Gs [E] of S [19]. In particular, S is amenable if and only if S'/ is 
amenable [Tni[IZ|. As in [211 Theorem 3.3], we see that i^{S)/J = i^{Gs)- 
Note that i^{Gs) has an identity. 

Let LI be a subsemigroup of S, E' be the set of idempotents in H and J' 
be the closed linear span of {Sget — ^st s,t £ H,e £ E'}. Clearly, E' <£ E 
and J' E J. If ~ is a equivalence relation on S as defined above, then it 
is also a equivalence relation on H. By the above statements we have the 
following result. 

COROLLARY 2.5. Let S be an inverse semigroup, and let H he an ideal 
in S. Assume that the identity of 1 ^{Gh) is an identity for {Gs)■ Then S 
is amenable. 

Proof. By Theorem 12.41 i^{S) is module biflat. Now, it follows from [5l 
Theorem 3.2] that S is amenable . □ 


Let (A..Y)..yer be a family of Banach 21-bimodules. For every 7 € F, we 
consider the 2 t-module mappings : ((A-,, ® A^)/I.y)* —and 
(Uy/ . ( (.A-y/ .Ay. ] j Ly ^ ^ (.Ty / Ty ] . 

THEOREM 2.6. Let A he a Banach 'Qi-bimodule, let (Ay)ygr be a family 
of module biflat closed ideals in A, and let A has a bounded approximate 
identity contained in UyAy. //sup..|, || 7 ry|| < 00 such that vTy ou;* is identity 
mapping, for every 7, then A is module biflat. 

Proof. Let (eA)A be a bounded approximate identity for A which contained 
in UyAy, let rf = (F, <1>, e) where F C A and G A* are finite sets. Choose 
70 G F such that caq G Ayo and Hacyg -|- Jy^ — (a -|- J)|| < e for every 
e > 0. Consider the mappings i : Ayg — > A and po : A/J —> by 

io{a) = o and pQ{a + J) = ocaq + Tyg for all a G A. Since every Ay is module 
biflat, there is a bounded left inverse Ayg/Jyg- 21 -module homomorphism 

TTyo : ((Ayo ( 8 ) Ayo)//yo)* —^ (Ayo/Jyo)* such that = id(A.yJPor- 

It is easily verified that (i (821 i)* ° ^* 1 . 4^0 ~ Po ° '^70 ° 
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(i 021 i)*, we get 

|(a + J,7r^ o w*(/) - /)| = |(a + J,Po oTT^g o {i <8)21 i)* o w*(/) - /)| 

< \{po{a + J),TT^o ° (* o w*(/) - /)| 

+ KPo(a + J) — (a + J), /)| 

= I («eAo + •A'o) '^70 ° Ao/'^7o ^ ^ I 

+ I («eAo + Jyo (« + ■/),/)! 

^ 0. 

Thus limTT*Or 7 r^ o a;* = idf^j^ijy. According to our assumption vr^ is 
uniformly bounded. The proof now is complete by Theorem 12.31 □ 

Let A and B be Banach 2t-bimodules. Consider the projective module 
tensor product A®%B. This product is the quotient of the usual projective 
tensor product A®B by the closed ideal X generated bya-a( 8>6 — a( 8 >a;<i 6 
for every a € A, b £ B and a £ 21. We denote the space of all bounded 21- 
module maps from A into B by Cfii{A,B). By the following module actions 
C‘qi{A,B) is a Banach A.i 8 ) 2 i'S- 2 l-bimodule 

(2.5) {{a ®h)-kT^c) = bT{ca)^ {a • T,a) = {T,a ■ a), 

(2.6) {T-k [a ® b), c) = T{ac)b and {T • a,a) = {T,a ■ a), 

for every a,c £ A, b £ B and a € 21. We also denote the Banach A( 8 ) 2 i'S-21- 
bimodule, C'qi{A,B) by the above actions by C'qi{A,B). Similarly, C^{B,A) 
is a Banach A( 8 ) 2 l'S- 2 l-bimodule which we denote it by C<i[{B,A) with the 
actions given by 

(2.7) {{a b)-kT,c) = aT{cb), {a •TA) = {T,b^C(), 

(2.8) {T k [a 0 b),c) = T{ac)b and {T • a,b) = {T,a <b), 

for every a £ A, b,c £ B and a £ 21. We have C^{A,B*) = {A^SifnB)*, and 
similarly C(n{B,A*) = {B<^%A)*. Let A £ {A<^B)*. Define T\ £ C<n{A,B*) 
and T\ £ £>^(B,A*) as follow: 

(2.9) (rA(a), 6 ) = (A, a ( 8 > 6 ) and (T( 6 ), a) = (A, a ( 8 ) 6 ). 

Consider the following isometric A( 8 > 2 i'S- 2 l-bimodule isomorphisms maps 

(2.10) (A§qiB)* £2i(A, B*), X^fx 
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and 

( 2 . 11 ) X^Tx. 

By the relations (I2.5I) - (|2.11I) . we can prove the following theorem. 

THEOREM 2.7. Let A be an %-bimodule. If A is module biflat, then 
has a bounded left inverse. 

Proof. Assume that tt : (^( 8 ) 121 . 4 .)* — {A/J)* is a left inverse for w* : 
{A/jy —)• {A<Si%Ay such that vrow* =id(_ 4 /j).. Consider 

(2.12) : (>l(8>a.4)(8>2i('^C)2t“4.) —>■ {A/J)®%{A/J) 

as the usual definition. We wish to show that {ui®%u)y has a bounded left 
inverse A such that A o = id(^i^j^ij^y. Put A = It is 

clear that A is bounded. We have 

A o (uj^tyL)* 

: i{A/J)0^iA/J)r = C^{A/J, {A/J)*) C^{{A/J), (.4021^)*) 

= £2i(.4§a^, {A/J)*) C^{A§> 2 iA, (>I§2i^)*)[ by (124(1 and (imi) ] 

{A/J)*) ^ C^{A/J, (.4^21-4)*) 

(2.13) ^ 

C^{A/J, {A/J)*) - ((41/4)021(^/4))*. 

By using (12.131) . we conclude that 7r02i'^ is a left inverse of {uj^'^iuj)*. □ 

3. MODULE AMENABILITY OF THE SECOND DUAL 

In this section we explore conditions under which A** is module amenable. 
Recall that a Banach algebra 4l is module amenable (as an 2t-bimodule) if 
'H}^{A,X*) = {0}, for each commutative Banach 4l-2t-module X, where 
'H}^{A, X*) is the first 21-module cohomology group of A with coefficients in 

A* d]. 

We denote by □ the first Arens product on A**, the second dual of A. 
Here and subsequently, we assume that A** is equipped with the first Arens 
product. 










10 


A. BODAGHI AND A. JABBARI 


Let oj be as in section 2. Let I and J be the corresponding closed ideals 
of A^A and A, respectively. Consider the homomorphism 

w* : {A/jy = (^§21^)* = C<2i{A,A*), 

(P(/)](a),6) = /(a6 + J), fGiA/jy. 

Let A**®%A** be the projective module tensor product of A** and A**, 
that is A**®i^A** = {A**®A**)/M, where M is a closed ideal generated by 
elements of the form F ■ a® G — F ® a ■ G ioi a ^ A**. Consider 

w : A**®^A** A**/N- {F®G) + M^ FUG + N, 

where N is the closed ideal of A** generated by uj{M). We know that 

S* : (XViV)* ^ (^**§21-^**)* = C^{A**,A***) 

{[Q*{cP)]F,G)=<P{FUG + N), {F,GGAn, 

where (f> G A**/N. Let T G {A®(^A)* = C^{A,A*) and T* ,T** 

be the first and second conjugates of T, then T** G {A**®< 2 [A**y = 
C^{A**,A***) with {T**{F),G) = limj limfc(r(aj), 6fc)), where (aj),(6fc) are 
bounded nets in A such that dj F and bk G. 

LEMMA 3.1. There exists an A-^-module homomorphism 

A : C<i^{A,A*) £2i(^**,^*") 

such that for every T G C%{A,A*), F,G G A**, and bounded nets 

J-L ^ J-L 

{aj),{bk) C A with dj — > F and bk —> G {where the superscript J-^ 
shows the convergence in the weak topology a{A**, J^) generated the family 
J-*- of w*-continuous functionals on A**), we have 

{A{T)F,G) = limlim(r(aj),6fc). 

j k 

Proof We only need to check that A is a A-21-module homomorphism. It is 
easy to see that for / G J-*-, a G 21 we have f ■ a,a ■ f € J-^. If a G 21 then 

" J-L 

bk ■ a —> G ■ a, hence 

(A(a • T)F, G) = limlim((a • T){aj), bk) 

j k 

= limlim(Q! • T{aj), bk) 
j k 

= limlim{T{aj),bk ' Oi), 

j k 
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and 

{[a ■ A(T)]F, G) = {A{T)F, G ■ a) = limlim(r(aj), ■ a). 

j k 

Similarly, A(T • a) = A(T) ■ a for all T G A*) and a G 21. □ 

Consider the map A : A**/N —;■ A**/ F + N F +J-*"*-. It follows 

from the proof of [U Theorem 3.4] that N C J-*"*-, and thus A is well defined. 
Also, it is easy to see that A is a bounded Al-2t-module homomorphism. 

The following result is the module version of the classical case which is 
proved in |16l Theorem 2.2]. 

THEOREM 3.2. If A** is module biflat, then so is A. 

Proof. Suppose that Q* has a left inverse .4/J-2l-module homomorphism 6, 
then 9 o Q* = j■ Assume that j : {A/J)* —^ {A**/ is the 

canonical embedding, and cj, A and A are as the above. Consider the map 
i : A/J — A**/N] (a + J I—>• a + N). Obviously i is well defined. Let us 
show that A o w* = cD* o A* o j. Take ip G {A/J)*, and F,G€ A**, o/ F 
and bk — G, then 

([(Aow*)((^)](F),G) = Iimlim((ih*(v7))(a0,6fc) 

I k 

= limlim + J) 

i k 

and 

{[{Q*oX*oj){ip)]{F),G) = {X*ij{ip)),FnG + N) 

= {j{ip)oX,FnG + N) 

= {j{ip),FDG + J^^) 

= limlim(a;6fc + J, ip) 

l k 

= limlim99(a;6fc + J)- 

l k 

Put A = i* o 0 o A. Then it is easy to check that A is a left inverse for 

w*. □ 

LEMMA 3.3. If A** / J'^'^ = {A/J)** has a bounded approximate identity, 
then so does A/J. 


Proof. The result immediately follows from [H Proposition 28.7] and [121 
Lemma 1.1]. □ 
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The following theorem shows the relation between the concepts of module 
amenability and of module biflatness on Banach algebras. Since its proof 
is similar to the proof of [H Theorem 2.1], is omitted. We only remember 
that the module amenability of a Banach algebra A implies that A/J has 
a bounded approximate identity [H Proposition 2.2]. We employ this result 
to show that there are semigroup algebras such that their second dual are 
module biflat but which are not themselves biflat. 

THEOREM 3.4. Let A be a Banach %-bimodule and let A/J be a com¬ 
mutative Banach 'Qi-bimodule. Then A is module amenable if and only if A 
is module bifiat and A/J has a bounded approximate identity. 

In the next result we give a generalization of O Proposition 3.6] under 
a weaker condition. In fact if .4 is a commutative 2l-bimodule, then A/J 
and A**/N are commutative 2t-bimodules. Therefore A**/J'^'^ is also a 
commutative 2l-bimodule (see also [21 Theorem 2.2]). 

THEOREM 3.5. Let A/J and A**/N be commutative Banach 21- 
bimodules. If A** is module amenable, then so is A. 

Proof. If A** is module amenable, then A** is module biflat and A**/N 
has a bounded approximate identity {Ej + A^} by Theorem 13.41 Since A 
is surjective, {Ej + J"'"''"} is a bounded approximate identity for A**/J'^'^. 
Now the result follows from Theorem 13.21 Lemma [3.31 and Theorem 13.41 □ 

COROLLARY 3.6. Let A/J commutative Banach 'Qi-bimodule and N be 
weak*-closed in A**. If A** is module amenable, then so is A. 

Let P be a partially ordered set. For p £ P, we set [p] = {x : x < p}. 
Then P is called locally finite if (p] is finite for all p £ P, and locally C-finite 
for some constant C > 1 if j (p] j < C for all p £ P. A partially ordered set 
P which is locally C-finite, for some constant C is called uniformly locally 
finite. For example, the semigroup S = (N, •) in which m • n =min{m, n} 
is locally finite but is not uniformly locally finite. 

Let S be an inverse semigroup with the set of idempotents E. Assume 
that J is the closed ideal J generated by the set {5set — dst' s,t £ S, e £ E}. 
By module actions defined in (I2.4|l . we have 

dse dg £ J s dget dgt £ J 
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for all s,t £ S and e € E. Therefore £^{S)/J = i^{S/ is always a 
commutative £^(iil)-bimodule. 

Example 3.7. Let S = (N, •) be the semigroup of positive integers with 
minimum operation, that is m«n =min{m, n}, then each element of N is an 
idempotent, and thus is the trivial group with one element. Therefore 
jg ^i(i7:j^).bimodule amenable by [3l Theorem 3.4]. Let us Af be the 
closed ideal of £\N)** generated by {F-a)DG-FD{a-G), for G 
and a £ £^(Fiq). Since ^^(N)/J is a commutative Banach (£'p})-bimodule, 
so is Hence is module biflat by Theorem 13.41 On the 

other hand, (N, <) is not uniformly locally finite. Thus £^(N) is not biflat, 
and so it is not biprojective [20]. Therefore, by m Corollary 3.11], 
is not biflat. 

Example 3.8. Let C be the bicyclic inverse semigroup generated by p and 
q, that is 


c = {p^q^ ■.m,n> 0}, = p^q^. 


The set of idempotents of C is Ec = {p'^q^ : n = 0,1,...} which is totally 
ordered with the following order 



It is shown in |3] that £^{C)** is not module amenable as an £^{Ec)- 
bimodule. Therefore it is not module biflat by Theorem 13.41 Note that 


£^[C)** is not biflat by [HI Corollary 3.11]. However {Ec,<) is not uni¬ 
formly locally finite, so £^{C) is is not biprojective. 

Example 3.9. Let G be a group, and let / be a non-empty set. Then 
for S = A1^(G,/), the Brandt inverse semigroup corresponding to G and 
the index set I, it is shown in [18] that Gs is the trivial group. Therefore 
-g amenable, and thus it is module biflat by Theorem 13.41 

It is obvious that Es is uniformly locally finite, indeed 



{0, e} if s ^0 

{0}, ifs = 0. 


Hence, {Es, <) is a uniformly locally finite semilattice. Now by [201 Proposi¬ 
tion 2.14], it follows that {S, <) is uniformly locally hnite. Also each maximal 
subgroup of S at an idempotent is isomorphic to G, hence .£^(5) is not biflat 
if G is not amenable pg Theorem 3.7]. In fact, for non-amenable locally 
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compact group G, i^{S)** is not biflat [M], Theorem 2.2]. Note that how¬ 
ever, if / is finite, then biflatness of is equivalet to the finitness of G 

[m Corollary 3.12]. 
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